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51.  Introduction 


Recently  Deuschel  [4]  has  obtained  a  fluctuation  result  for  a  system  of 
lattice  valued  diffusion  processes.  The  result  is  similar  to  that  for 
mean-field  interacting  diffusion  particles  [2],  [3],  [8],  [9],  [15],  [22], 

However  the  identification  problem  of  limit  measures  he  treated  leads  us 
to  discuss  the  uniqueness  for  weak  solutions  of  the  Langevin  equation: 

dX(t)  =  dW( t)  +  L*( t)X( t)dt , 

where  W(t)  is  a  generalized  functional  space  valued  Brownian  motion  and  L  (t) 
is  the  adjoint  operator  of  L(t)  which  has  a  formal  expression: 

L(t)  =  2  2  Mt.xlji-. 

i=-c°  ox .  !=-«>  i 

l 


The  aim  of  this  paper  is  to  find  a  suitable  space  of  smooth 
functionals  on  the  dual  nuclear  space  E'  and  to  solve  the  Langevin  equation  on 
the  dual  space  ®p,  ,  which  is  appropriate  for  the  central  limit  theorem  of 
empirical  distributions  of  the  system  of  lattice  valued  diffusion  processes. 


This  application  is  another  approach  to  his  problem  [4]. 

We  will  proceed  to  explain  the  setting:  A  stochastic  process  Xp(t) 
defined  on  a  complete  probability  space  (ft.St.P)  indexed  by  elements  in  ®p,  is 


called  a  if  (®p , )-process  if  Xp(t)  is  a  real  stochastic  process  for  any  fixed 

F  €  2)p.  and  XQp+p^(  t)  =  aXp(t)  +  /3X^(t)  almost  surely  for  each  real  numbers  a, 

2 

and  elements  of  F.G  €  ®p,  and  further  E[Xp(t)  ]  is  continuous  on  2)p.  [10]. 

XF(t)  is  called  continuous  if  lim  E[ (XF( t )-X_(s) )^]  =  0  for  each  F  €  2L,.  Let 

t->s 

Wp(t)  be  a  Wiener  ®(®p ,) -process  such  that  for  any  fixed  F  €  ®p,,  Wp(t)  is  a 
real  continuous  Gaussian  additive  process  with  mean  0. 


2 


We  will  prove  that  a  continuous  i£(®^ , )-process  solution  Xp(t)  for  the 
following  equation  uniquely  exists  in  the  case  where  E'  is  the  space  ^'(Z^)  of 
tempered  distributions  on  the  d-dimensional  lattice,  (Theorem): 


(1.1) 


dXF(t)  =  dWF(t)  +  xL(t)F(t)dt. 


Roughly  speaking,  if  L(t)  generates  the  strongly  continuous  Kolmogorov 
evolution  operator  U(t.s)  from  2^.  into  itself,  the  unique  solution  for  (1.1) 
can  be  given  as  follows: 

XF(t)  =  XU(t,0)F^0)  +  WF(t)  +  ^0  WL(s)U(t,s)F(s)ds- 

We  will  now  begin  by  giving  the  precise  definitions  of  the  operator  L(t) 
and  the  space  ®£..  Let  E  be  a  nuclear  Frechet  space  whose  topology  is  defined 
by  an  increasing  sequence  of  Hilbertian  sem-norms  IMI,  <  II  •  ll„< ,  .  .  .  <11*  II  ...  . 

1  ~  2"  ~  p 

As  usual  let  E'  be  the  dual  space,  Ep  the  completion  of  E  by  the  p-th  semi-norm 

II  *H  and  E'  the  dual  space  of  E  .  Then  we  have 
P  P  p 

CO  00 

E=D  and  E'=UE'. 
p=0  p=0  p 

Let  K  be  a  separable  Hilbert  space  with  norm  IMI,.  and  F  a  mapping  from  E' 

K 

into  K.  Then  F  is  said  to  be  Ep-Frechet  differentiable  if  for  every  x  €  E' ,  we 
have  a  bounded  linear  operator  2)pF(x)  from  Ep  into  K  such  that 


=  2>pF(x)(h)  in  K. 


Suppose  that  F  is  Ep-Frechet  differentiable  for  every  integer  p  >  0.  Then 
00 

taking  E’  =  U  E'  and  the  strong  topology  of  E'  is  equivalent  to  the  inductive 

p=0  P 

limit  topology  of  Ep;  p=0,l,2 .  into  account,  we  have  a  continuous  linear 

operator  DF(x)  from  E‘  equipped  with  the  strong  topology  into  K  such  that  for 


3 


any  integer  p  £  0,  DF(x)(h)  =  2)pF(x)(h)  for  h  €  E^.  Hence,  if  F  is  n-times 

Ep-Frechet  differentiable  for  every  integer  p  £  0.  we  have  a  continuous 

n-linear  operator  DnF(x)  from  E‘xE'x...xE'  into  K  such  that  the  restriction  of 

n-times 

DnF(x)  on  E ' xE ’ x. . . xE '  =  the  n-th  E'-Frechet  derivative  ®nF(x)(f . . f  ), 

v  7  p  p  p  p  pv  /v  1  *2  n7 

n- t i me 

EE1.  Then  if  F  is  infinitely  many  times  Ep-Frechet  differentiable  for 
every  integer  p  >  0,  the  Hi lber t-Schmidt  norm 


IIDnF(x)l|(p)  =  (  2 


2  IIDnF(x)(h(P^,h(P^ . h(p))l 

iri2 . V1  11  12 


I2)172 

K; 


is  finite  for  each  integer  n  £  1  and  p  £  0,  where  (h^.p^)  is  a  C.O.N.S., 

J 

(complete  orthonormal  system),  in  Ep  [13]. 

From  now  on,  we  will  often  use  the  conventional  notation  such  that 
IID°F(x)  llpjPg  =  IIF(x)IIk. 

Let  P[ t)  be  the  standard  E'-Wiener  process  such  that  for  any  f  €  E, 

</3(  t ) . f  >  is  a  1-dimensional  Brownian  motion,  with  variance 
E[<0(t),f>2]  =  tllfll2,  where  <x,f>,  (x  €  E',  f  C  E),  denotes  the  canonical 
bilinear  form  on  E'  x  E. 

Without  loss  of  generality,  we  assume  /3(t)  is  an  Ej-valued  Wiener  process 
throughout  this  paper,  [16],  [17], 

Definition  of  L(t).  Let  A(t,x)  and  B(t,*)  be  continuous  mappings  from  E' 
into  itself  such  that  the  following  conditions  are  satisfied. 


(HI)  There  exists  a  natural  number  pn  such  that  A(t,x)  maps  E'  into  E’  , 


B(t,*)  maps  E'  into  E'  and  for  each  T  >  0, 


sup  fc(t.  x)  K  <  00  and  sup  IIB ( t . x )  ll_  <  «°, 

x€E '  xCE '  P0 

0< t<T  0<t£T 


where  11*11  denotes  the  dual  norm  of  E 
-P  P 


1  and  |\( t , x)  ^  =  2  IIA(t.x)hjj 

j-1 


(0)  ,.2 


-Pr 


(H2)  A(t,x)  and  B{t,x)  are  infinitely  many  times  Ep-Frechet 
differentiable  for  every  integer  p  £  0  such  that  for  any  T  >  0, 


sup  IIDn(t,x)ll£P2  <  »  and  sup  IIDnB(t,x)ll^P^1  <  », 
x€E '  H-S'  x€E '  HS> 

0<t<T  0<t<T 


i(p) 


,n, 


where  IID“A(  t ,  x)  H^Pg  =  (  2 


iri2 . V1 


IIDnB(t.x)l|(p|  =  (  2 


. in=1 


f)nA(  t  ,x)  (h(P^  ,h^P^ . h(P^  f?)1^2  and 

11  l2  1n 

lnB(t.x)(h(P\hjp) . h^p) )  Ilf  )1/2. 

1  i  1  _  Pa 


n  'p0 


ll  2 

(H3)  For  any  integer  n  >  0  and  any  T  >  0,  there  exist  A(n,P,T)  >  0  and 


Aj(n,p,T)  >  0  such  that 


sup  max{IID^A(  t.x)-D^A(s,x)ll^Pg  ,IID^B(t,x)  -  D^fs.x)!!^  g  } 


x€E 

0<k<n 


<  A^n.p.T)  |t-s|A(n,p,T\  0  <  s.t  <  T. 


Then  for  any  two  times  E'-Frechet  differentiable  real  valued  function  F  on  E' 

P 

for  every  p  >  0,  we  put 


(L(t)F)(x)  =  A.  trace  „  D2F(x)  o  [A(t,x)  x  A(t,x)]  +  DF(x) (B( t ,x) ) , 

where  D  2F(x)  o  [A(t.x)  x  A(t,x)](f1,f2)  =  D2T(x)(k(t,x)£ j.Aft.x)^)  for  any 
frf2€E'. 

Definition  of  Space  ®£,.  We  define  the  space  as  a  collection  of  all 
real  valued  functionals  F  on  E'  such  that  F  is  infinitely  many  times  E^-Frechd 
differentiable  for  every  integer  p  £  0  and  further  the  space  is  a  complete 

separable  metric  space  metrized  by  the  following  semi-norms: 


5 


IIFII  =  2  IIFII,'  .  F  €  JL.  . 

P-q<n  P-k  E 


where  p  2  Pq.  q  £  0  and  n  2  0  are  integers  and 

IIFII  ^ q  ^  =  sup  e  “PIIDnF(x)lliq2  . 
p.n  x€£1 

P 

Before  proceeding  to  the  discussions  of  the  equation  (1.1),  we  will  give  some 

remarks  on  Wiener  2(2)j, ,  )-process .  Taking  the  continuities  of  Wp(t)  and 
2 

E[W_(t)  ]  with  respect  to  the  parameters  t  and  F  into  account,  we  have  that 
2  2 

sup  E[W  (t)  ]  <  “  and  sup  E[W_(t)  ]  is  lower  semi  -continuous  on  2L,  .  Since 
0<  t<T  r  0<  t£T  t 

is  a  complete  metric  space,  by  the  Banach-Steinhaus  theorem  we  have  some 
positive  integers  Pj.Qj  and  m^  such  that 


(1.2) 


sup  E[W_(  t)2]  <  C,  (T)  IIFII2 

)<  t<T  F  1  prq1,mr 


Here  and  in  the  sequel,  we  denote  positive  constants  by  CL  or,  if 

necessary,  by  C. (t^ , Tg. . . . ) •  i=1.2 .  in  the  case  where  they  depend  on  the 

parameters  tj^.t2 . 

Now  given  a  functional  V^(F)  such  that  it  is  positive  definite  quadratic 

form  on  2)^,,  x  S^.,,  increasing  and  continuous  in  t  and 

2 

sup  V  (F)  <  C9(T)IIFII  for  some  natural  numbers  p,  q  and  n,  we  can 

0<  t  <T  Z  p,q,n 

construct  a  2>p, -indexed  Gaussian  mean-zero  continuous  process  Wp(t)  with 
independent  increments  and  variance  V^(F)  by  the  Kolmogorov  theorem,  since 
VtAs(E)  is  positive  definite  quadratic  form  with  respect  to  (t,F),  t  €  [0,®). 
F  €  2p,  .  Here  t  A  s  =  min  (t,s). 

§2.  Existence  and  Uniqueness  for  solutions  of  the  Langevin  equation 

Let  t?s  t(x)  be  a  solution  of  the  following  stochastic  differential 
equation: 


6 


ns  t<x)  =  x  +  J's  A(t>T7Sir(x))d^(r)  +  'fsB(r,T)s,r(X^dr- 

where  /3(t)  is  the  standard  E‘-Wiener  process.  By  the  assumptions  (HI)  and 
(H2).  if  p  2  Pq  and  x  €  E^,  then  the  solution  of  the  above  equation  is  uniquely 
obtained  by  the  usual  method  of  successive  approximations  in  E^. 

We  will  assume  the  following  condition: 

(H4)  (L(t)F)(x)  and  (U(t.s)F)(x)  =  E[F(qs  t(x))]  €  S£.  if  F  €  2)£,  . 

Let  W£(t),  F  €  2)£1  be  the  Wiener  i£(2)£ ,  )-process  and  L(t)  a  diffusion 
operator  defined  before.  Then  we  will  prove 

Proposition  1.  Under  the  assumptions  (H1)-(H4)  the  continuous  if(2)£ .  )-process 

2+a 

solution  of  (1.1)  such  that  for  some  0<a<l,  E[ |X£(0) |  ]  <  00  is  uniquely  given 

as  follows: 

xF(l)  =  Xu(  t  ,0)F^°^  +  WF^  +  ^0WL(s)U(t,s)F^S^ds’ 

Proof.  Under  the  assumptions  (H1)-(H4),  L(t)  is  a  continuous  linear 
operator  from  3)£ .  into  itself  and  we  can  get  the  following  lemma  which  will  be 
proved  later. 

Lemma  1.  Suppose  that  the  conditions  (H1)-(H4)  hold.  Then  L(t)  generates 
the  Kolmogorov  evolution  operator  U(t,s)  from  8L .  into  itself  such  that 


JL-. 


(1)  U(t,s)  is  a  continuous  linear  operator  from  2>£.  into  itslef, 

(2)  for  any  F  €  2)£t,  U(t,s)F  is  continuous  from  {(t.s);  0£s<t)  into  2)£1, 

(3)  U(t,t)  =  U(s,s)  =  identity  operator, 

(4)  ^U(t,s)F  =  U(t.s)L(t)F.  0  <  s  <  t  on  2J£,. 

(5)  ^U(t,s)F  =  -L(s)U(  t ,  s)F,  0<s<t ,  t>0  on  2)£,  . 

Further  for  any  integers  P^Pq.  q>0,  n>0,  j^l  and  any  T>0  and  F  €  ®£1,  we  have 


7 


(2.1)  IIU(  t ' ,  s  '  )F  -  U(t.s)Fll^q>n  *  C3(T.F.p.q.n){|t-f  |j  +  |s-s-|J). 

0  £  s.t.s'.t’  £  T. 


First  we  will  guarantee  the  well-definedness  of  the  integral  in 
Proposition  1  by  showing  that  for  any  fixed  F  €  ®£..  \.(s)u(t  s)F^S^  *s 
continuous  in  (t,s).  Since  Wp(t)  is  a  Gaussian  additive  process  with  mean  0 
and  variance  V^fF),  we  get  for  any  integer  n  £  1, 

(2.2)  E[  |WF(tj)  -  Wp( t2)  |2n]  <  C4(T)(V  (F)-V  (F))n.  0  <  tj.tg  <  T. 

We  choose  an  integer  k  £  4  such  that  2kX(m^,q^,T)  >  2,  where  m^  and  q^  are  the 
numbers  which  appeared  in  (1.2)  and  X(m^.q^.T)  is  the  number  in  (H3) .  For 
0  <  s.t.s'.t'  <  T,  the  inequalities  (2.1)  and  (2.2)  yield,  together  with  (H3) , 


(2.3) 


E{  lWL(s)(t,s)F(s' ^  "  WL(s)U(t.s)F{s) '  J 


<  C5(T)(Vs.(L(s)U(t.s)F)  -  Vs(L(s)U(t,s)F))‘ 


{2'4)  E^WL(s,)U(T'.s,)F^s  *  WL(s)U(t,s)F^s  ^  ^ 

<  C6(T)IIL(s')U(t'.s')F  -  L(s)U(t.s)FII^ 

<  C„(T){IIU(t' ,s' )F  -  U(t,s)FII2k  ,+  IIU(t',s')F  -  U(t,s)FII2k 

”  7  X  V  '  V  J  P1.q1.m1+1  V  ’  V  '  p1.q1,m1+2 


2kX(m1.q1.T). 

+  |  s  ’ -s  | 


<  Cft(T){|t-f  |k  +  |s-s'  |k  +  |  s  ’ -s  | 


2kX(m1 ,q. ,T) 

*  ^  1 


The  inequalities  (2.3)  and  (2.4)  are  sufficient  for  the  condition  of  the 

Kolmogorov-Totoki  criterion  [24]  for  continuity  in  (t,s).  Further  the 

continuity  of  W.  ,  UI,  ,  ,r(s)  in  (t.s)  can  be  proved  similarly. 

S  1 1  s )L( t  Jr 


Now  we  will  proceed  to  the  proof  of  the  existence  of  solutions  for  (1.1). 


Taking  the  relation  U(t,s)F  =  F  +  ,f*U(T.  s)L(T)FdT,  the  continuity  of 

2 

W.  ,  ...,  ..  ,  .P(s)  in  t,  the  linearity  of  W  (s)  and  the  L  -continuity  of 

L(s)U(t,s)L(t)Fv  '  j  t 

W#(s),  into  account,  we  have 


S^S>  =  WLfS^S>  +  W  t  (S) 

L(s)U(t.s)F  L(s)F  L(s)J  U(T,s)L(T)Fdr 


“  WL(s)F(s)  +  ^sWL(s)U(t, s)L(T)F^S^dT’ 


so  that  by  making  use  of  the  continuity  of  s)L(t)F^S^  *n  (T,s)  aSain- 


we  get 


(2.5) 


•^0WL(s)U(t.s)F{s)ds 

=  ^0WL(s)F(s^ds  +  •r0(-fsWL(s)U(T,s)L(T)F{s)dT)ds 
=  ^0WL(s)F(s^ds  +  ^0(^0WL(s)U(T,s)L(T)F(s)ds)dT 
=  ^WL(t)F^t^  +  ■rOWL(s)U(T,s)L(T)F(s)ds)dT 
=  VXL(t)F*t)  '  XU(t,0)L(t)F^°^ ^dT* 


Combining  the  L  -continuity  of  Xp(0)  in  the  definition  of  S£(2)p ,  )-process  and 


the  Jensen  inequality  such  that  E[ |Xp(0) |  +a]  <  E[  |Xp(0) [  ]a,  we  get  that 


E[ |Xp(0) j  +a]  is  continuous  in  2)p, .  Hence  there  exist  some  positive  integers 


p2  -  p0’q2  and  m2  suc^  t^at 


(2.6) 


E[|Xf(0)|2+O]  <  CgllFII^ 


Therefore  the  Kolmogorov  criterion  for  continuity,  together  with  the 


inequalities  (2.1)  in  Lemma  1  and  (2.6),  gives  the  continuity  of 


I<1I(t.O)L(t)F,0)  ln  T'  ThUS  "  get 


'(ySyCwilSyilr 
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(2.7) 


J0XU(T.0)L(T)F(0)dT  =  ^(t.OJF^  ¥°>- 


The  equalities  (2.5)  and  (2.7)  mean  that  Xp(t)  is  a  solution  of  the  Langevin 
equation  (1.1). 

2 

Following  H.  Komatsu  [11],  we  will  prove  the  uniqueness  of  L  -continuous 
solutions  for  the  equation  (1.1).  Let  Yj(t.F)  and  Y^ft.F)  be  the  two 
continuous  i£(2;p ,  )-process  solutions  for  the  equation  (1.1).  First  we  remark  by 
the  Baire  category  theorem  that  for  each  T  >  0,  we  have  some  natural  number 
P3  >  m^  such  that 


(2.8) 


max  sup  E[Y.(t.F)  ]  <  Cm(T)IIFII 


1=1.2  0< t<T 


10 


Define  v(t,F)  =  Y^(t,F)  -  Ygft.F).  Then  for  any  a  >  0,  we  will  prove  ^ 
E[v( t ,U(a, t)F)^]  =  0  for  t  €  (0,a].  The  inequality  (2.8)  and  the  strong 
continuity  of  U(t,s),  ((2)  in  Lemma  1),  yield 


v( s ,U(a. s )F )  -  v( t ,U(a. 

s  -  t 


<  C  . (T.F)  E[(v(s’U(a’s)F)_v(t'U(a't)F))2]1/2,  s.t  €  (O.a]  C  [O.T] 
11  s  -  t 


The  inequality  (2.8)  and  the  strong  continuities  of  L(t)  and  U(t,s)  imply  that 


(2.9)  lim  E[ | 


v(s ,U(a, t)F)  -  v(t,U(a.t)F] 
s  -  t 


-  v(t.L(t)U(a.t)F)|Z]  =  0. 


By  the  strong  continuity  of  U(t,s),  we  get  similarly 


(2.10)  lim  E[ | 


v(s.[U(a.s)  -  U(a, t)]F)  -  yft.fUta.s)  -  U(a,t)]F) 


s  -  t 


-  v(t.L(t)[U(a.s)  -  U(a.t)]F)n  =  0. 


Since  L(t)  generates  the  Kolmogorov  evolution  operator  U(t,s),  we  have 


lim  E[ |v(t.L(t)U(a.s)F)  -  v(t,L(t)U(a, t)F) |  ]  =  0 
s-»t 


lim  E[ |v( t ,L( t)U(a. t)F)  +  v(t, 
s-»t 


U(a.s)  -  U(a, t)_, i2 


s  -  t 


) I]  =  o. 


so  that  we  get 


(2.11)  lim  E[ |v( t ,L( t)U(a, s)F)  + 
s-»t 


v(t,U(a,s)F)  -  v(t,U(a,t)F) |2 


I2]  =  o. 


Summing  up  the  inequalities  (2.9),  (2.10)  and  (2.11),  we  get  the  desired 

2 

equality  claimed  before.  Hence  E[v(t,U(a, t)F)  ]  =  constant.  Then  letting  t  -* 

2 

0,  we  have  the  constant  =  0.  Taking  the  equalities  E[v( t ,U(a, t)F)  ]  = 

E[(v(t.F)  +  v( t , [Ufa, t)  -  U(a,a)]F))2]  and  lim  E[v( t . [U(a, t)  -  U(a,a)]F)2]  =  0, 

t-»a 

2 

into  account,  we  have  E[v(a,F)  ]  =  0  for  any  a  >  0,  which  implies  v(a,F)  =  0 
almost  surely.  Thus  the  proof  is  completed.  □ 

§3.  Proof  of  Lemma  1. 

Following  [19],  [20],  we  will  treat  the  generation  problem  via  stochastic 
method. 

For  any  F  in  ®£..  we  recall  the  definition  of  U(t,s): 

(U(t,s)F)(x)  =  E[F(tjs  t(x))]. 

To  examine  that  U(t,s)  is  the  evolution  operator  stated  in  Lemma  1,  we 

will  check  some  regularities  and  integrabi 1 i ties  for  qg  t(x).  It  is  obvious 

that  if  p  ^  p.  and  x  €  E',  q  fx)  €  E',  so  that  for  h  €  E'  ,  q  fx+h)  €  E'  , 

0  p  s,tv  ’  p  p^  s,tv  ’  p_ 

where  p.  =  p  V  p  .  Here  a  V  b  =  max(a.b).  Following  Kunita  (p.  219  of  [12]), 

we  will  show  that  f  (t)  :=  ^-{q  (x+Th)  -  q  (x)}  has  a  continuous  extension 

S  i  t  T  S  i  t  S  ,  t 

at  t  =  0  for  any  s.t  a.s.  in  E'  .  This  can  be  proved  by  appealing  the 

p5 

following  Kolmogorov-Totoki  criterion  for  continuity  [24], 
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5S 


Lemma  2.  For  any  T>0  and  any  integer  j  2  1.  we  have 

E["fs  t(T)  -  fs.  t.(T>)ll^  ]  1  C12(T.h){|s-S-|J  ♦  |t  -  f|J+|T-T'|j}. 

5 

0  £  s , s * , t, t ' ,t.t'  £  T. 

Proof.  First  we  will  show  that  following  Burkholder’s  inequality.  Let 

A(r)  be  a  well  measurable  random  linear  operator  from  El  to  E‘  such  that 

1  p0 

EC/glUrjfdr]  <  -h».  Then  we  have 


Lemma  3.  For  any  integer  j  >  1 . 


E[IIJ^A(r)dp(r)ll^j]  <  C,-(  j)E[(^Kr)  gdr)  j]  . 


V  a  13v 


Proof.  Let  (•>•)  be  the  inner  product  in  E'  such  that 
p0  P0 

(x.x)  =  llxll2  .  Setting  6(x)  =  (x.x)J  and  y(t)  =  I*A(r)dp(r)  and  applying 

p0  ‘P0  P0 
A 

the  I  to  formula.  (Kuo  [14]).  for  0(y(t)),  we  get 


(3.1) 


E[lly(t)ll2j  ]  =  |E[jSrace  D20(y(r))o[A(r)xA(r)]dr] 
p0  0 

=  kill  2  (22j(j-l)(y(r).A(r)h50))2  lly(r)ll2^J'2) 


2  L  s  .  , 
i  =  l 


1  '"po  po 


+  2jllA(r)h5°^ll2  lly(r)ll2^  !^)dr] 
1  "p0  _p0 


i  ( j+2j ( j-l ) )E[Xg  fc(r)  |lly(r)ll2^  1}dr]. 

s  ^  p0 

By  Holder’s  inequality  and  the  martingale  inequality,  the  right  hand  side  of 
(3.1)  is  dominated  by 

( j+2j ( j-l )  )E[  sup  lly(r)ll2J  ]  j"1/jE[(^  Kr)  |dr)  j]1/j 
s£r£t  P0 
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<  (2j2-j)(2j/(2j-l))2(j_1)E[lly(t)ll^  ]J"1/j  E[(^|\(r)|dr)J]1/j. 


which  completes  the  proof  of  Lemma  3. 


Now  for  the  convenience  of  notations  we  will  write  dt  =  dp^(t) , 
d/3  { t)  =  dp^(t)  ,  Aq(  t  .x)  =  B(t,x),  Aj(t.x)  =  A(t,x),  m*m0=ll*ll_p  and  |*  |^- 

Without  loss  of  generality,  we  may  assume  0  £  s  <  s '  <  t  <  t '  £  T.  Then 
f  t(T)  “  fs*  t(T )  is  a  sum  of  the  following  terms' 


(3.2) 


l  SSs\Sl0^.Cs  rir.ymSsJr))iy)6Vr) 

k 


where  r(r.y)  =  rjg  r(x)  +  y(hs  r(x+Th)  -  T}s  r(x)). 

(3.3)  i  lt(r.cs,r(’--y)Kfs,r(T» 

-D\(r.Cs.tr(T’-y))(fs-.r(T,))}dy)dPk(r)' 

By  Lemma  3  and  the  assumption  (H2) ,  the  expectation  of  the  2jt^  power  of  the 
11*11  -norm  of  (3.2)  is  dominated  by 


1 


CH  2  EtajVjDA^r.r  r(r.y))(fs  r(r))dy  «<2dr)j] 
k 

<c,52  I s '-s  |  Ilf  s  r(r) ll?p  dr] . 


Again  using  Lemma  3,  assumption  (H2)  and  the  Gronwall  lemma,  we  have 


(3.4) 


which  implies 
(3.5) 


i  ci6lb<-yll-p5-  £  ep5' 


dr]  £  C16'lhllfJ  l»  -s|. 


1 


Since  the  integrand  in  (3.3) 


^O^rs.r^Xfs.rM-fs.r^'W 


f*l  /  rlr->2 


+  So  (SfP  Vr-'rs.s>.r(T*T,-yl))(Cs.r(T>y)  "  Cs\r(T'*y))dyl)(fs\r(T'))dy’ 

where  %  s  •  f  r(T-T '  )  =  Cs-  r(T'.y)  +  y^Cg  r(r.y)  -  fs.  r(T,y)),  the 

"*l,'k~n0rm  t*ie  inteSrand  *s  dominated  by 

(3-6)  cI7  {df.  r(T)  -  f...r(T-)«^(»n,.r(x)  -  >.s..r(x)%5 

*  "Vr(x*Th)  '  V.r(x*T'h)ll-p5,,lfs\r(T')ll-p5>- 

By  Lemma  3  and  (3.6),  the  expectation  of  the  2j-th  power  of  11*11  -norm  of 

P5 

(3.3)  is  dominated  by 

(3.7)  C18(/‘.E[llfs  r(T>  -fs..r(T)ll?Js]dr 

*  ^•E[^s.r(x)  -  ns.,r(x)ll«5],/2E[llfs.,r(r)«fJ5]1/2dr 
+  J':,E["ds.r(x*Th)  -  1S.  r(**r-h)«^  ]1/2E[llfs.  r(r’)"^]1/2dr). 
From  the  assumptions  (HI)  and  (H2),  we  get 

",Ak(r>T7s.t(x))  -  Ak{r-T7s'.f(x  ))\  *  C19,lT7s.t^x)  ■  T,s1.f(x,)ll-p5 

and  taJking  the  expectations  of  the  2n-th  power  of  both  sides  of  11*11  -norm  of 

5 

the  following  inequality; 

'\.t<x>  -  V.t'<x>"-p5  *  "l  LSVr  Vr<’‘»d<Jk<r>“-p5 

*  ^\<r-V.r<x>>dPk<r>"-pc  *  "?  Js'<Ak<r'"s.r<x» 

k  5  k 


-  Vr^s'.r^')»dVr)"-p5’ 


we  have,  by  Lemma  3,  similarly 


E[llT>S.t(x)  " 

D 


<  c20(T){  I t-t •  r  +  |s-s*  In  +  jjECl|nSir(x)-ns.ir(x,)|1^  ]dr}. 

3 


Noticing  that  77  (x)  =  rj  ,  (17  ,  (x))  and  tj  .  (•)  is  independent  of  17  ,(•) 

s 1 r  s  ,  r  s ,  s  s  ,  r  s,s 


and  using  (3.4),  we  get 


ED'-Vr**) 


=JE-  E[«»ls..r(y)-ns-,r(1‘')C:|P(7’S.s'(,<)Cdy) 


5  pc 


<  SE.  C21  lly-x *  II  P(T7S . s  •  (x)  e  dy) 


=  c21E["ns.s.W  -x'II^,] 


<  C  (llx-xMl**  +  |s '-si11}. 


where  P(*)  denotes  the  fundamental  probability  measure  associated  with  /3( t ) . 


Hence  we  obtain 


(3.8)  E[IIt7s  t(x)  -  V.f(x’>"5  <  C23(T){|t-f|n+|s-s'|n-Hlx-x1ll^  }. 

5  5 


Combining  (3.2),  (3.3),  (3.4).  (3.5),  (3.7)  and  (3.8).  we  have 


EWS.t‘T>  - 


$  C94(T)lih!|2j  {  1  t-t  •  |J  +  |s-s'|j  +  I  T-T*  |2J  llhllf^  }. 


This  completes  the  proof  of  Lemma  2. 


v  •vjy.v;v 


l,»  #. 


TO 


uS 


SSSL 


Let  t  tend  to  0,  we  have  for  each  x  €  E*  , 

P 


(3.9)  Dns  t(x)(h)  =  h  +  2  Si  DAk(r*TJs.r(x))(DHs  r(x)(h))d^k(r). 


For  the  higher  order  differentiations,  the  formula  similar  to  (3.9)  can  be 
proved  inductively,  together  with  the  following  lemma. 


Lemma  4.  Suppose  that  a  natural  number  q  ^  Pq  and  any  T  >  0.  Then  for  0 


<  s.t.s'.t'  £  T.  a  natural  number  j  and  x.x'.hj  €  E^.  1=1,2 . n,  we  have 


(3.10)E[IIEnr,s  t(x)(hrh2 . hn)n-q]  *  C25(T),lhill^llV^*  *  * 


(x')(hlth2, . . 

.  ,h  )ll2j] 
n  -qJ 

Ilh1ll2jllhrill2j. 
1  -q  2  -q 

.  .iih  n2j 

n  -q 

Proof.  First  we  will  show  (3.10)  for  the  case  n=l .  By  the  assumptions 
(HI)  and  (H2) ,  we  get 


"DAk(r.T?s.r^x)HI),1s.r^x^h^ll,k  -  C27l,Dr,s,r^x^h^-c 


so  that  taking  the  expectations  of  2j-th  powers  of  11*11  norms  of  both  sides  of 


(3.9)  and  using  Lemma  3,  we  get 

E[,IDns.t(x)(h)H?q]  *  c2g(T ) { llhtl^^  +  Sls  E[MDns  r(x)(h)ll^]dr) 
and  the  Gronwall  lemma  gives  (3.10)  for  the  case  where  n=l.  For  n  2  2,  we  will 


prove  the  inequality  by  the  Mathematical  induction.  For  h^ .hg. • • • .h^  €  E^, 


(D\  t(x))(hrh2 . hn)  =  I  jy(Vr.^  r(x)))(hi.h2 . hnWk(r) 


Since 


(3.12) 


D X(^s,rW^hl'h2 . V 


16 


=  DVr'7!s,r<X^D\,r(x)(hrh2 . hn)} 

+  finite  sum  of  terms  of  the  type 


yr.„s  r(*»)(D  \,rW(h  (1).  h  (!) •-• 

J1  J2 


*  h1(l))* 

S 


D  (2),h.(2) 

Jl  J2 


.h  (2)), 

n2 


11 

. D  %  (x)(h  .  x ,  h  ,  . . 

's. rv  'v  (m)  (m) 

J1  J2 


•>)» 

Jn 

m 


where  2  <  m  <  n,  n,  +  n0+...+n  =  n  and  0  £  n.  i  n-1,  so  that  using  the 

1  Z  m  l 

assumption  of  the  mathematical  induction,  we  get  (3.10)  by  the  same  argument  as 


bef  ore . 


Before  proceeding  to  the  proof  of  (3.11),  we  notice  that  for  h  £  E\ 


IIDrj  (x)(h)-Dr7  ,  ,  (x')(h)ll_  is  dominated  by 

S  ,  t  S  t  L  Q 


(3.13) 


2  ilfSs  D(\(r.77s  r(x)))(h)d/3k(r)ll_c 


+  2  IIJ-;  D^fr.^.  r(x,)))(h)dPk(r)ll_c 


+  2  llJ^,{D(Ak(r.T7s  r(x)))(h)  -  r.^,  >r(x')))(h))d/yr)ll_q. 


Now,  by  the  assumptions  (HI)  and  (H2),  we  have 


(3.14) 


r(x)))(h)-D(Ak(r.T7s.  r(x‘)))(h))i«k 
<  "'{DAk(r.r7s ^(xJJ-D^fr.^.  r(x'))}(Eh?s  r(x)(h))'"k 
+  mDA^r.T^,  r(x‘))(Dr}s  r(x)(h)-Dns.  >r(x' )(h))»'k 
2  C29(T)(IIt)s  r(x)-ns.  r(x')ll_(]IIDr,s  r(x)(h)ll_q 
+  "Bns  r(x)(h)-Dns.  r(x')(h)ll.q). 
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Then  the  same  manner  as  before,  together  with  (3.8),  (3.13)  and  (3.14),  leads 
us  to 

E[HDns  t(x)(h)-Dns.  t,(x1)(h)ii^] 

<  C30(T){(|t-f|j  +  |s-s*|j+llx-x*l|2J)||hl|2j 

+  Si .  E[IIDr,s  t(x)  (h)-Drjs .  r(x '  )  (h)  ll^]dr)  . 

which  gives  (3.11)  by  the  Gronwall  lemma  for  the  case  n=l .  By  (3.12)  and  the 

estimation  of  !IDnr7  (x)  (h1  ,  h0 .  .  . .  ,h  )-DnT)  ,  ,(x)(h.,L . h  )ll_  similar  to 

that  in  (3.13),  the  mathematical  induction  and  the  Gronwall  lemma  yield  the 
proof  of  (3.11)  for  n  £  2. 

Now  we  will  proceed  to  the  proof  of  the  generation  problem  of  L(t).  By 
the  assumptions  (HI)  and  (H2) ,  (3.8)  and  (3.10)  of  Lemma  4,  we  may  exchange  the 
order  of  the  differentiation  and  the  integration.  Then  by  the  Ito  formula 
[14],  we  have  the  point  wise  Kolmogorov  forward  and  backward  equations  like  in 
the  finite  dimensional  case  (Theorem  1  (page  73)  of  [7]): 

57  (U(t.s)F)(x)  =  (U(t,s)L(t)F)  (x) 

55  (U(t.s)F)  (x)  =  -(L(s)U(t.s)F)  (x). 


Let  p  >  0,  q  £  0  and  n  £  0  be  integers  and  x  €  E^.  Since 
Dn(F(rj  (x)))(h^^  ,h^^ . h^^ )  is  a  finite  sum  of  terms  of  the  type 

S ,  t  1.  1  r,  *_ 


1  2  n 

n 


I  =  D”F(ns >t(x))(D\  . h'jlj.  o\-t(x) 

h  J2  ^n. 


(2)*h  (2)-- 
J1  J2 


h(<*>  ) 
j(2  y 


.  ..dHi  t(x)(h(7\.h(j\, 
's,tv  (m)  (m) 

J1  J2 


•h'w» 

Jn 

m 


so  that  noticing  the  nuclearity  of  E  and  (3.10),  we  have  an  integer 
q'  >  max{p,pr.,q}  such  that 


(3.15) 


I  llh^ll2  .  <  +« 

j=l  J  _q 


o  o  2llq  fx)ll_  .  n-  .  »  ,  » 

(3.16)  E[|I|2]  <  HFir.iq.tnE[e  S>t  'qIID  t(x)  (hl  q  J  }  ,hl. q  j  }  . 


Ji  J2 


h(q)  no  2  (x)(h^q^  h^q^ 

’.(1) '  -q1  U  Va.t{  H  .(2) ,tl  .(2)' 

Jni  J1  J2 


h^q^  )ll2 

••  ,(2)j  -q' 

S 


.  .  .HD 


Si t*  .(m)  (m)  (m) 

J1  J2  J2 


h^s)  )||2  1 

’  j(m) '  ~q’ ^ 


<  c01iiFir.  .  iih^'ir  .iih)M,ir 

“31  q  ,q  ,n  -q  lg  ~q 

Here  we  will  prove 


(q)ll2  .  Ilh^q)ll2  ,  .  .  ,llh(q)||2  ,E[e  Vs,t^  ^  q  ]2. 

j  -n  l  -n  l  —  n  u 


i  -q ' 
n 


Lemma  5.  For  any  a  >  0  and  T  >  0,  there  exists  a  constant  C.^  =  C-^ta-T) 


such  that 


allrj  ,(x)ll  a,lxll_Q' 

sup  E[e  ’  q  ]  i  C_9e 

0<s.t£T 


Proof.  By  (HI),  IItjs  f  (x)  II  .  $11x11  .  *C33+llX‘A(r  ,T7s  >  r(x)  )d/3(r )  ll_q  .  . 

Following  [8],  it  is  enough  to  prove  E[exp( llJ^aiA( r .r}s  r(x))dP(r)ll  , )]  "  C3-l ' 
Setting  yg  t(x)  =  ,f\xA(r.T7s  r(x))d/3(r),  by  the  Ito  formula  and  the  assumption 


(HI),  we  get  for  any  integer  m  £  2, 


(3.17) 


E["ys,t(x)ll!q  ]  *  E[(l+Hys  t(x),,2q.)m/2] 


1 


•r.  -V  ■».  v  w*  /  s.  -_y\,  ...  h*  A  r.  -  vl  yv  **  «  ,  y.  yv 


,> 

Ls 


5  E[1  ♦  i<2|<l+llys  r(x)l|2  )2  c2H(r.%  r(«))| 


111  f, 

- 2  co 

+  4|<i_1)(1+l|yS)r(x)"?q‘)2  a2(^2^(ys  r(x)  ,A(r  .tjs  r(x))h|°^  )2)  }dr] 


E  _  ! 
.2  ,2 


<  1  +  2(|)2a2C35^EC(l+llySir(s)l|2ql)2  ]dr. 


where  C__  =  sup  Kt.  x)  C.  If  we  use  (3.17)  recursively,  the  rest  is  similar 
x€E '  Z 

0<  t<T 

to  that  in  [8],  which  completes  the  proof.  □ 


Therefore  (3.15),  (3.16)  and  Lemma  5  yield 


IIU(t.s)FII  <  Coc(T) IIFII  .  .  ,  t.s  €  [O.T], 

v  '  p.q.n  "  36  v  ’  q.q.n  L  J 


which  implies  that  U(t,s)  is  a  continuous  linear  operator  from  into  itself. 

By  the  same  reason  as  in  [20],  if  we  prove  the  strong  continuity  of 

U(t,s)F  in  (t.s).  the  pointwise  Kolmogorov  forward  and  backward  equations  imply 

that  L(t)  generates  the  evolution  operator  U(t,s).  Since 

2  i 

liU(  t ,  s)F-U(  t '  ,  s  '  )FII  n  is  dominated  by  a  finite  sum  of  terms  of  the  type 


-2j  llxll 


sup  e 

x€E' 

P 


j(1)  j(1) 

•  J2 


(DEEIeTf^ (t(x))(D\  t(x) 


(m)  (m) 

J1  ’  J2 


1  ,(!)•  <(1) .  ^s.t1  Hh  (2),h  (2) . h  (2) 

J2  Jn,  J1  J2  Jn„ 


D\.t W"%y  h‘(l) . h(,(!)»  -D'V(ns..,.(>0)(D\..,.W 

J1  J2  Jn 


20 


(l),h  (1) .  Aiy’  V,t*(x)(h  .(2),h  (2) . 

J1  J2  Jn,  J1  J2 


1 1(2)J 
n2 


D  mT)  .  .(x)(h(?\ ,h(?\ .. 

s  .t  v  M  .(m)  .(m)’ 


...h(?>,»l2J]. 


m 


so  that  by  (3.8),  Lemmas  4  and  5  and  the  nuclearity  of  E,  we  have  an  integer 

00 

q ‘  >  max{p.pQ,q}  such  that  I  llh<  <  °°  and  we  get 


j  =  l 


j  -q' 


IIU(t,s)F  -  U( t '  , s *  )Flr ^  <  C^IIFir1?  .  ,{  It-t*  |J+  |s-s'  |J} 

’  p.q.n  "  37  q  ,q  ,n+l11  11  1  1 


which  completes  the  proof  of  Lemma  1. 


§4.  Generation  of  the  Kolmogorov  Evolution  Operator 

In  this  Section,  we  will  discuss  the  assumption  (H4).  Let  K  be  a 
separable  Hilbert  space.  We  call  a  K-valued  functional 

C(x)  =  g(<x,f 1>,<x,f2> . <x.fn>),  fj.fg . fn  e  E.  the  smooth  functional  if 

g(x):  lRn  -*  K  is  a  C  -function,  where  IRn  is  the  n-dimensional  Euclidean  space. 

Further  we  call  G(x)  a  bounded  smooth  functional  if  g(x)  itself  and  all  the 

derivatives  of  g(x)  are  bounded.  The  coefficients  A(t,x)  and  B(t,x)  are  said 

to  be  approximated  by  sequences  of  bounded  smooth  functionals 

Am(t.x)  =  am(t.<x.f1>,<x.f2> . <x . f k  >)  and 

m 

Bm(t.x)  =  b^( t , <x , f j > , <x , f 2> . <x , f ^  >)  on  E'  if  for  any  integers,  p  >  p^> 

m 

q  2  0  and  n  >  0,  the  following  conditions  are  satisfied: 

(4.1)  Am(t,x)  and  B^ft.x)  satisfy  the  conditions  (Hj),  (Hg)  and  (H^), 

(4.2)  For  any  T  >  0. 


lim  sup  |\(t,x)-A  (t,x)E  =  0. 
m-*°  x€E'  m  * 

0£t£T 


lim  sup  IIB(t,x)-B  (t.x)ll  =  0, 
X€E'  m  P0 

0<t<T 


ikA(t,x)-DkA  (t.x)lliq2  =  0. 


lim  sup  IID  A(t,x)-D  A  (t.x)..u  c 

x€E  ‘  m 

P 

0<t<T 


k=l .2, 


lim  sup  IID^t.xJ-D1^  (t,x)ll£q)  =  0.  k=l,2. 
,  m  M .  o . 


m-**>  x€E ' 
P 

0<  t<T 


A  real  valued  smooth  functional  4>(x)  =  $(<x,f  ^ > ,  <x, . <x,fn>)  is  said  to 


be  a  weighted  Schwartz  functional  if  $(x)  =  h(x)<p(x),  x  €  IR  ,  where  <#>(x)  is  an 


n  co  n 

element  of  the  Schwartz  space  Sf(IR  )  of  rapidly  decreasing  C  -functions  on  IR  , 


h(x)  =  l/g(x).  g(x)  =  17  g0(x.),  g0(x.)  =  exp(-’/f^|y  |p(x.-y)dy)  and  p(x)  is 

i=l 


the  Friedrichs  mollifier  whose  support  is  contained  in  [-1,1].  Then  F  C  2^..  i 


said  to  be  approximated  by  a  sequence  of  weighted  Schwartz  functionals 


F  (x)  =  f  (<x.f1>.<x,f0> . <x,f,  >)  if  for  any  integer  p  ]>  0,  q  'i  0  and 


n  >  0, 


lim  IIF  -  F  II  =  0. 

m  P-S-n 


First  we  will  prove 


Proposition  2.  Suppose  that  the  coefficients  A(t,x)  and  B(t,x)  are 


approximated  by  sequences  of  bounded  smooth  functionals  and  also  F  €  is 
approximated  by  a  sequence  of  weighted  Schwartz  functionals.  Then  U(t,s)F(x) 


E[F(r)s  t(x) )]  is  approximated  by  a  sequence  of  weighted  Schwartz  functionals. 


Proof.  We  will  use  the  convenient  notations  such  that  Aq^.x)  =  B(t,x) 
and  A^t.x)  =  A(t.x).  For  any  integers  p  £  0.  q  2  0  and  n  2  0,  we  choose  an 
integer  q'  >  max{p,pn,q}  such  that 


(4.3) 


2  llh(q)|l2  <  +«>, 

I— n  1  -q 


since  E  is  a  nuclear  Frechet  space.  Then  by  the  assumptions,  for  any  6  >  0  and 
A^(t,x),  k=0,l.  there  exist  bounded  smooth  functionals 

•v 

A^t.*)  =  a^(  t ,  <x,f  j> .  . <x,f  >),  k=0,l  such  that 


(4.4) 


2  sup  IID^A,  (t.x)-D^A,  (t,x)ll^q  ^  <  6. 
e=0  x€E  ’  k 

0<  t<T 


For  sufficiently  large  N,  we  put 


Zs,t^X^  X  +  ^s  Ait(ti'x+J's  ^*2 . 


X+Js  "  V  CN  ’x)dPk(  V >  •  •  •  >d/V  "  1  >  ’ 


Setting 


=  x*-rs\(tl’’<+^s1\*t2 . xtC~1VVVt<’i»d'Vtn»  ••■>dPk(tl>- 

n=l,2,...,N,  where  tQ=t>  by  Lemma  3,  we  have  for  any  x  €  E^,  0  <  s.t  <  T  and 
any  integer  j  >  1 , 


(4.5) 


<  22J-'E[im  (*)-;(')(*), i;;J] 


+  2  (22J  1)kE[llz(k  I>(x)-Z(kj(x)ll2j  ,] 

o  S,t  v  ’  s.  tv  ‘  -q  J 


♦  (22j_1)NE[llz(NJ(x)-z^  t(x)H^.] 


*  c  {22j  152jT+  2  (22j  1)k+1M2jkTk+152j/(k+l)! 
M  k=l 

+  2(22')_1)N+1M2jNTr</N! 

<  C  {62 jexp(22j_1 (MV1 )2jT)+2(22j-1 )N+1M2 ^T^/N ! } . 


where  M  =  sup  i«A,  (t,x)m,  ,  «*in,  is  the  convenient  notation  used  before  and 

x€E ’  K  K 

P 

0<t<T 

MV1  =  max{M,l}.  Hence  for  any  e  >  0,  if  we  take  sufficiently  small  6  and  large 
N ,  we  have 


(4  6)  sup  E[IIt7  (x)-z  f(x)ll2J  ]  <  e. 

x€E '  S,t  S,t  q 

P 

Next  we  will  verify  by  the  mathematical  induction  that  for  any  integer  m  > 
1  and  any  e  >  0,  there  exists  an  integer  N(m,e)  such  that  if  N  >  N(m,e), 


(4.7)  E[IIDV  t(x)(hJq).h5q) . hjq)) 

S • 1  In  1 


1  2 


-  Dmz^ ^(xKh^.hJ^ . h[q))l,2^.]  <  e. 


1  2 


Setting 


‘  (x))(Di?  (x)(h^>))d|J  (t n))...>dPk(t1). 

n  n  1 

%:t<x»hSf> 

-  *  J'IDVtrIs.t1(x))(h<1f^'DVt2-z".«2(x»<h^) 


25 


D',Ak(r»s.r<It»(D\.r<x><h‘(l)'h‘(l) . 

J1  J2  Jn, 


D\.rW<h((2)h‘(2) . h'(2)> . D\.r<*> 

J1  J2  Jn„ 


(h(?)..h(5> . h(;>o). 

H(u)  ,(u)  ^(u)" 

J1  J2  Jn 

u 

where  2  <  u  <  £+1.  n1+n»+.  .  .+n  =  £+1 ,  (h^?»,  1=1,2 . u}  =  {h(q^, 

U  jilj  XJ 


j=l .2, .... £+1}  and 


Dt+1Vtw<hS?M!!) . hu.)  =  ?  n  Dftl(vr-’>s.r(x»»hS 


1  2 


£+1  k 


hjq) . h[q)  )d/3(r). 

*2  Vl  K 


so  (4.7)  for  m  >  2  can  be  proved  similarly. 

By  the  assumption  for  F,  for  any  e'  >  0,  we  have  a  weighted  Schwartz 
functional  F(x)  =  f (<x,f , <x,f . <x,fm>)  such  that 


(4.8) 


n  —  llx!l_  ,  ,  ^  .  .  * 

2  sup  e  q  HD  (F(x)-F(x))ll',q  ;  <  e' 
k=0  s€E ' . 

q 


Then  to  prove  Proposition  2,  it  is  enough  to  show  (U(t,s)F)(x)  is  approximated 

by  weighted  Schwartz  functionals  in  II •  11^^,  0^k<n.  Since 

D^(F(t7  (x)))(h(q^.h(q^ . hjq^)  is  a  finite  sum  of  terms  of  the  type 

s.t  i2  lk 


(4.9) 


. h(q)(,’s.t(,‘,) 


*1  *2 


yiv.v'.. 


•  ’»'  ■  4  ■  *  m  •*.  ">  *  W  •  .  »  A  _*V 


l*kv* 


vv 


DUF(r,s  t(x))(D  \it(x)(hjj!).h  g)). 

J2 


•h  (!)>•  D\,tw 

ni 


(^(9)  h^q^ 

<h4(2)*h.(2)*" 


h{q)  ) 

..h  (2)) 

n2 


•D  \.t(lt)<h<(J)-h<(u)" 
J1  J2 


^(9)  )) 

Jn 

u 


where  0  <  u  <  k  and  n^n^.  .  ,+n^  =  k,  so  that  setting 


(4.9) 


. h(q)(zs.t(,<)) 


1l  12 


=  DUF(z^  t(x))(Dniz^  tCxKh^j.h^jj . h^Jj).  D  V  t(x) 

jl  J2  jnj 

fh(9)  Jq>  h(9)  i  fxUh{q)  h(q)  h(q)  ) 

(  i(2)  h.(2) - *h  (2))> - °  Zs,t(x){h  (u)’  h  (u) . hi(u))’ 

J1  J2  Jn2  J1  J2  Jnu 

~  N  fa')  2 

then  we  have  that  ( IIU( t , s)F-E[F(z  t(*))]Hl  /)  is  dominated  by  a  finite  sum  of 

S  i  t  p  •  K 


terms  of  the  type 


-211x11 


(4.1°)C40  sup.  e  « |lh(,)ih(,) . h(,)<Vt(*» 


T‘2 . k 


.  *  **« 

*1  i2 


h<q>,h<«> . h(q)(Zs.t(x))|2] 


*1  ’  *2 


-211x11 


<  C  {sup  e 
x€E ' 


11,12 . 1k_1 


^s.tW'-q’,  .  x2||nnl  ,  u.(q) 

5  (fc  )  IID  T7s>t(x)(h  (i) 


hq  h^q^  11^  IID  Txifh^q^  h^q^  h^q^  )ll^ 

h.(l) .  j ( 1 )  -Q '  °  qs,t  X  ^h.(2)'h.(2) . tlJ(2);"-c 


IID  ut?  (xMh^  h'q^  h^q'  "ill2  1 

^s.tlxnn  (u),h.(u) .  ,(u),M-q,J 

J1  J2  Jn 


-211x11  ® 

+  sup  e  "P  2  EC I J  fq)  fq) 

x€E '  i, .  i„ . i  =1  h;q  ,h.' . h 

p  12  n  ij  *2 


(q^Vt™ 


-Jh  (q)  h(q)  h(q)(z”.t(x),|2:l) 


i  i 
1  12 


By  the  manner  similar  to  that  in  the  proofs  of  (3.10)  and  Lemma  5,  we  get 


Lemma  6.  For  any  integers  q  £  p^,  j  £  1,  n  £  1  and  any  T  >  0,  we  have 


(4.11) 


E[llrf,^>t(x)(h1.ha . hn)l|2J] 

*  C.0(T)llh1ll2jllh0ll2j.  .  .Ilh  ll2j,  x.h, ,i  =  1,2 . n  €  E' 

42  1  -q  2  -q  n  -q  i  q 


0  <  s.t  <  T. 

For  any  f  €  E  and  any  a  >  0  and  T  >  0,  there  exists  =  C^(f  .a.T)  such  that 

(4.12)  sup  max{E[exp(aV| On  t(x).f>|)].  E[exp(aV|  <z^  t(x),f>|)]} 

0<s . t<T  s,t  s,t 

i  C43exP(a^l<x>  f > I ) - 

Since  f(x)  =  h(x)<p(x)  and  |h^^(x)|  £  C44exp(  2  V|x.  |),  where  h^\x)  = 

i=l  1 

(^■)  h(x),  we  get  by  Lemma  6, 

(4.13)  sup  e  IIX,l'Pmax{E[(IIDUF(z^t(x))ll^qs))2]1/2,E[(IIDU+1F(z^t(x) 


r(qs  t(x)-z^  t(x)))ll^qs))2]1/2}  *  C45(T),  0  $  r  i  1.  0  i  s.t  <  T. 


Hence  noticing  (3.10),  (4.3),  (4.13)  and  Lemma  5,  we  have  some  constants  C 


independent  of  t",  =  C^(e')  and  some  natural  number  Nq  such  that  (4.10)  is 


dominated  by 


(4.14)  C 


N  2  1 


466'+C47.  ,  J  .  Er"Vt<*>-Vt(x)l-q'"D  "s.t(x)(h.(0 

‘r*2 . 'k-1  °1 


"l 


\  (*){h(?)  .  h<?>, . h<?>  )tl2  . 

S.tV  M  ,(u)  .(u)  (u)7  -q 

J1  J2  Jn 


♦  V,D  vs.,(x)(h<(i)  h<(i)) . v;  t(h-_ 

r=i  3\  4  4/  4 


(q) 


r-i  n  /^(q) 


h(q)  . h(q^  Jll2  ,  IID  rT]  (x)(h^4.h^\ . h(q\) 

j(r_l)  ,(r-l)'  -q  's.tv  M  .(r)  .(r)  ,(r)y 


Ji  J2 


-  D  rzN  (x)(h^4.h*j\ . h(q\)ll2  .'ID  r+177  (x) 

s,tv  ,(r)  _.  (  r  )  ^(r)'  -q  s.tv  ' 


Vr)  \(r) 

J1  J2 


fh(q)  h(q) 

1  <(r+l)’  Jr*!)’ 


h(q)  )ll2 
•h  (r+lj^'-q** 

Vl 


..IID^tj  fx)(h{q\,h(q\, 
s. t  M  ,(u)  .(u) 


,h(q)JII2  ,]. 
,(u)  -q 
Jn 

u 


Therefore  noticing  (3.10),  (4.6),  (4.7),  (4.10),  (4.11)  and  (4.14)  and  further 
for  any  e  >  0.  taking  sufficiently  small  e' ,  6  and  large  N,  we  obtain 

sup  e  'PIIDk((U(t.s)F)(x))-Dk(E[F(z”  t(x))])llJq^  <  e. 

x€E  ’ 

P 

~  f) 

The  rest  is  to  prove  that  E[F(zg  t(x))]  is  a  weighted  Schwartz  functional.  Of 

course  E[F(z^  t(x))]  =  4>s  t ( <x, f j > , <x ,f  2> . <x.f  ,  <x  .  <x.  f2> . <x.Cm>) 

is  a  smooth  functional.  Without  loss  of  generality,  we  may  assume  that  f ^ , 
1=1,2 . (,  £..  J=1.2 . m.  are  all  distinct  elements  in  E.  We  will  prove 

J 

g(x)$s  t(x),  x  €  IR^+rn  €  y(IR^+rn) .  For  any  integer  n  £  0,  by  the  Leibniz 


■V  / 


formula,  it  is  sufficient  to  examine  the  finiteness  of 

sup  (l+!x|2)n|(^)rg(x)(^)k*s  t(x)|.  for  integers  0$r.k<n. 
x€tR^+m 

By  the  expression  (4.9)'  of  Dk(F(z^  (x) ) ) (h!^^  ,h(q^ . h[^),  (4.11)  and  the 

S,t  1l  *2  k 

p  .  £+m  _ 

fact  that  f(x)  =  h(x)^(x),  x  €  IR  and  |(^-)rg(x)|  <  C^gexp(-  I  Vlx^),  it  is 

"A  i=l 

enough  to  show  the  finiteness  of 

€  0  m  «,  £  -  m  - 

(4.15)  sup( 1  +  2  <x.f  >%•  I  <x,C  >  )nexp(-  2  V|<x,f  >|  -  2  V|<x,f  >|) 

Q  i=l  j=l  i=l  j=l  J 

rr,.  (|i),  N  ,  ..  (u),  N  ,  v,»2,l/2 

x  E[(hv^(zs  t(x))<pv  (zs  t(x)))  ] 


where  Q  =  {x; (<x. f , <x. f2> . <x,f  ,  <x,f  .  <x,f2> . <x.Cm>)  €  IR  m)  and 

h(^(x)  =  (^^(x).  ^V\x)  =  (^)*V(x),  x  €  IR^. 

Since  |h^(x)J  <  C^gexp(  2  V|Xj|),  (4.12)  of  Lemma  6  yields  that  (4.15) 

i=l 

is  dominated  by 

(4.16)  sup(l  +  2  <x,f  >2+  2  <x,f  >2)nexp(-  2  V|<x,f  >|)E[(^(u)(z^  f(x)))4]1A 
Q  i=l  1  j=l  J  j=l  J 


<  sup(l+  2  <x,f  >  +  2  <x,C  >  )nexp(-  2  V|<x,f  >|) 
50  Q  i=l  1  j=l  J  j=l  J 


(1+  2  <Zg  t(x),fi>2)4n 

^  i=l  ’  i  ( v ),  N  ,  ,,  |4 

xE  - - -  |«PV  '(z  (x)  )  | 

c  N  2  4n  • 

(1+  2  <zj 


9  2  n  - 

<  Cj- .  Ilfllsup(  1+  2  <x.f  .>  +  2  <X,C  .>  )  exp(-  2  >/|<x,f  .>|) 
Q  i=l  j=l  J  j=l  J 


«|TVl 

xn 


L(l+  2  <xs  t(x).f  >“)“  J 
1=1  S,t  1 


where  ll-fll  =  sup „( 1+ |x |2)n  |<f^^(x)|. 
n  x€OT 
0<k<n 


On  the  other  hand,  we  can  verify  the  following  lemma. 


Lemma  7.  For  any  f . ,f0, . . . „  €  E  and  any  integer  p  £  1,  we  have 


E  „  ‘  N  ,  ,  „  2,p  *  C52<T>  - F-1 - — •  0  *  *•'  2  T' 

[(H  2  <zs  ^  (1+2  <x,f.>2)P 

1=1  i=l  1 


Proof 


.  Setting  0(x)  =  - j 


and  applying  the  Ito  formula  for 


(1+  2  <x.f  >2)P 
i=l 


6(zs  t(x)).  we  get 


(4.17) 


E  ^  N  2d  ~  £ 

i(1+.2  <Zs,t(X)-fi>  )PJ  (1+  2  <x,f.>2)^ 
1-1  i=l  1 


-2p  (1+  2  <zN  _(x) . f . >2)P_1 (  2  <z"  fx).f.>  <B(r , w^' 2(x) ) ,f . >) 


+  e  . r 


(1+  2  <z‘_  (x).f  >“)* 

i=l  S,r 


j.  rt  1 

E  Js  2  X 


£  £  ~ 

.  -4p(p-l)(l+  2  Y  r(x).f ,>2)P~2(  2  <z»  Jx).f4>  <A(r,w 

2  / _ i ii _ : _ ^ 

Y  e 

(1+  2  <z‘J  Jx).f4>“) 
i=l 


-2p(l+^<z^  r(x).fi>2)P 

(1+  2  <z”  (x).f  >VP 

1=1  S,r  1 


_  2,,  i  .  N  ...  . 2.3p-2,  I  .  N  ,  ,  .  s  N.l,  u,(0)  .  N J 

8p  (1  i21<zs  ,r(X)'fi>  )  (  .21<Zs.r^X^,fi>  <A(r  ’  ws ,  r^x)  )hj 


£ 

2 

i=l 


-}dr 


(1+  2  <z^  (x).f  >2)4p 

i=l  S,r  1 


where 


Ws.'^(x>  =  X+/s^k(rl*X+/s1\(r2 . X+JsN  2^k(rN-l-X)dPk(rN-l))  -  )dPk(rl) 

By  the  boundedness  of  A^(t,x),  (4.17)  is  dominated  by 


1 


(1+  2  <z"  (x).f  >2)P 

i=l  1  1 


+  C53^s  E 


1 


dr. 


L(l+  2  <z"  (x).f  >2)pJ 

i=l  S,r 


which  yields  the  proof  of  the  lemma,  together  with  the  Gronwall  lemma. 

Using  this  lemma,  we  have  that  the  right  hand  side  of  (4.10)  is  dominated 


by 


e  9  m  9  m  - 

CL.IMI  sup  (1+  2  <x,f.>^  +  2  <x,f.>  )  exp(-  2  >/|<x,C.>|) 

d  *  n  ~  ,  .  l  .  *  j  .  <  j 

Q  i=l  j=l  j=l 


x  - -  <  co, 

(1+  2  <x,f  >2)n 
1=1 


~  N 

which  guarantees  that  E[F(z  (x))]  is  a  weighted  Schwartz  functional.  This 

S  »  V 

completes  the  proof  of  Proposition  2. 


Now  the  following  remark  is  immediate. 


Remark.  Under  the  assumptions  of  Proposition  2,  (L(t)F)(x)  is  also 


approximated  by  a  sequence  of  weighted  Schwartz  functionals. 


Then  we  will  proceed  to  the  discussion  for  a  concrete  example  25  ,  .  W 

9'(2a) 

will  begin  by  giving  the  definition  based  on  the  sequential  Schwartz  space. 

Let  Z^  be  the  d-dimensional  lattice,  i^ij.ig . i^)  €  and  if  =  if(Z^)  the 

Schwartz  space  of  rapidly  decreasing  sequences  f  =  (f^). 

F  =  (f.  ,f  . f.  ),  metrized  by  the  countably  many  semi-norms: 

1  *1  1 2  *d 


llfll2  = 
P 


(l+|i|)2PU1|2.  P=0. 1,2,... 


i  i  i  00 

1’2 . d 


The  dual  space  if'  =  if'(TT)  of  Sf  is  a  collection  of  all  slowly  increasing 
sequences  S  =  (S^)  such  that  for  some  integer  p  £  0, 

IISII2  =  I  (l+|i|)_2p|S.  |2  <  » 

11,12 . 1d=~m 

Let  x  €  Rm  and  SflR1")  =  (*(x)  =  h(x)<#>(x) ;  <p  6  !/’(IRTin)}.  We  will  define  the  p-th 
semi-norm  of  S(IRm)  by 

\*\l  =  sup  (l+|x|2)P|(|r)k(g(x)^(x))|. 

P  x€!R 
0<k<m 

Then  S^™)  is  a  nuclear  Frechet  space  metrized  by  the  countably  many 

semi-norms.  I*  Ip'  . [6]-  For  finite  lattice  V  in  Z^,  0^(5/"  ,V)  is  a 

collection  of  all  functions  *(S)  such  that  there  exists  a  weighted  Schwartz 
function  *(x)  €  S(K^^)  and  <f>(S)  =  *(S|y),  where  S|y  means  the  restriction  of 
S  on  V  and  |v|  denotes  the  number  of  lattice  points  in  V.  We  will  introduce 
the  nuclear  Frechet  topology  on  this  space  by  the  countably  many  semi-norms 


11*11  =  |*|'  .  p  =  0,1,2 . 

P  'P 

where  |*|^  denotes  the  p-th  semi-norm  of  S((R^^).  Let  C^if')  be  a  collection 


r* 


of  all  functionals  4>(S)  such  that  4>( S)  =  $(S|y)  for  some  finite  lattice  V  in  Z 
and  weighted  Schwartz  function  $(x)  €  S(IR^d). 


Since  ,V)  C  ( b#5 '  . U )  if  V  C  U,  setting  =  [~n,n]d,  we  will 

CO  00 

introduce  on  Cq(!/')  the  strict  inductive  limit  topology  of  Cq^’.V^}. 

Since  y(Z  )  is  a  nuclear  Frechet  space,  we  use  the  same  notations  defined 
before.  For  any  integers  p  2  0,  q  £  0  and  n  £  0,  let  2)^  ^  be  the  completion 

CO 


of  CA(y  )  by  the  semi-norm  11*11 

0  P.q.n 

Definition  of  Space  2)  ,  .  We  define  2)  ,  =  n  3  ,  where  p  >  0, 

r<Zd)  *'(!*)  p.q.n  P'q’n 

q  >  0  and  n  >  0.  We  introduce  a  topology  on  2)  by  the  countably  many 

y(Z  ) 


semi-norms  11*11  .  P  2  0,  q  >  0  and  n  >  0. 

p.q.n  4 

Then  2 )  becomes  a  complete  separable  metric  space  [6]. 

y>'(Zd) 

Propositions  1  and  2  yield. 


Theorem.  Suppose  that  the  coefficients  A(t,x)  and  B(t,x)  satisfy  the 

conditions  (H1)-(H3)  and  are  approximated  by  sequences  of  bounded  smooth 

functionals  on  y(Z^).  Then  L(t)  generates  the  Kolmogorov  evolution  operator 

U(t,s)  from  2)  ,  into  itself.  Further  under  the  same  assumption  of  the 

^•(Zd) 

initial  value  as  in  Proposition  1,  the  continuous  i£(2)  ,  )-process  solution 

iT(Zd) 

of  (11)  is  uniquely  given  by 

XF(0  =  ^(t.OJF^  +  WF^  +  ^0WL(s)U(t.s)F^S^ds' 


For  a  real  valued  functional  F(t,S)  on  V  such  that  F(t.S)  is  infinitely 
many  times  y^-Frechet  differentiable  with  respect  to  S  for  every  integer  p  > 
0,  we  set  | F  |  =  sup  sup  | F(  t . S)  }  and  IIFII  =  sup  sup  IID^F ( t . S) 

o< t^T  sey  p,n  o< t^T  S€y  H 

Let  ai(  t  ,S)  ,  bj  ( t  ,S) ,  i  €  Z*1.  be  real  valued  mappings  defined  on  if'  and 
infinitely  many  times  y-Fr6chet  differentiable  with  respect  to  S  for  every 
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o\ 


integer  p  £  0.  We  assume  the  following  conditions: 


(AI)  We  have  some  natural  number  pn  such  that 


CO  — 2p 

2  (l+|i|)  °max{  |a  |2,  |b  |2)  <  <». 

i  i  i  =-«> 

T  2 .  d 


(All)  For  any  integers  n  l  1  and  p  £  0. 


i  i  i  =— «> 

1*2 . 1 d 


(l+|i|)  ^maxilla.  II2  .  lib Jl2  }  <  ». 
v  7  1  l  p.n  i  p.n' 


(AIII)  For  any  integer  n  £  0  and  any  T  >  0,  there  exist  X2(n,p,T)  >  0  and 
X^n.p.T)  >  0  such  that 


sup  max{IIDka.(t,S)-Dka.(s,S)ll£P2  ,  IIdV  (t.SJ-DV  (s.S)ll£P2  } 

1  1  H.a.  1  1  H.b. 


ser 

0<k<n 


<  X0(n.p,T) |t-s | 


X3(n,p.T) 


(AIV)  a.(t.S).  b.(t.S),  ieZ*3  are  approximated  by  sequences  of  real  valued 
bounded  smooth  functionals  a^m^(t,S),  b^m^(t.S),  i  €  Zd  such  that 


lim  sup  sup  IIDna .  ( t  ,S)-Dna^m^(  t  ,S)  llp^  =  0, 

nH»  o<t<T  ser  1  1 

P 


lim  sup  sup  IIDnb .  ( t  ,S)-Dnb(m^ ( t  ,S) =  0. 

m-*»  o<  t<T  ser  1  1 

P 


for  any  integer  p  >  Pq,  q  £  0  and  n  £  0. 


Under  the  assumption  (AI),  we  define  a  continuous  linear  operator  A(t,S) 


from  <T  into  itself  by  A(t,S)Y  =  (a . ( t , S)Y . ) ,S=(S. ) ,  Y=(Y.),  i  €  Z  .  Further 


set  B(t,S)  =  (b  (t.S)),  i  €  Z  .  Under  the  conditions  (AI)-(AIV),  the 


coefficients  A(t,S)  and  B(t.S)  satisfy  the  assumptions  of  the  theorem.  Then 


for  the  diffusion  operator 


(L(t)F)(S)  =  i  trace  D2F(S)°[A( t ,S)xA( t ,S) ]  +  DF(S)(B( t ,S) ) .  FG2) 


e (t J) 


y"(Zd)' 


we  get 


Corollary.  Suppose  that  a.(t.S),  b^t.S).  i  €  3d  satisfy  the  conditions 

(AI)-(AIV).  Then  L(t)  generates  the  Kolmogorov  evolution  operator  from  2>  , 

^(Zd) 

into  itself  and  the  same  conclusion  stated  in  Theorem  holds. 


§5.  Central  limit  theorem  for  a  lattice  system  of  interacting  diffusions. 

First  we  begin  to  explain  the  system  that  Deuschel  considered  [4].  Let 
b.(S),  i  €  Zd.  be  real  valued  infinitely  many  times  l/p-Frechet  differentiable 

/v 

mappings  on  2"  for  every  integer  p  £  0  such  that  b.(S)  =  b(0^S),  0^S  =  (S^.  +  ^) 

A 

and  b(S)  is  also  real  valued  mapping  on  2”. 

(VI)  We  have  some  natural  number  p^  such  that 

00  -2pn  ? 

2  ( 1+  |  i  |  )  (sup  |b  (S)  |)  <  «>. 

il’i2 . ‘d^  S€y>' 

(V2)  For  any  integers  n  >  1  and  p  >  0. 


1’  2' 


(l+|i|)  ^(sup  IID1^  (S)ll^  y 


< 


S  Gf 


(V3) 


There  exists  a  sequence  of  real  valued  bounded  smooth  functionals 
such  that 


b^(S) 


lim  sup  IIDnb.(S)-DnbSm)(S)ll^  =  0 

m-*°  ser  1  1  H-s- 

p 

for  any  integers  p  £  p^.  q  £  0  and  n  £  0. 

Let  S(t)  =  (S  (t),  i  €  Zd)  be  an  2" ( Z^ ) -va 1 ued  solution  of  the  following 
equation: 
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(5.1) 


Si(t)  =  °i  +  +  J‘Jb1(S(s))ds, 


b^S)  =  b(0iS).  0^  =  (Sj+i), 


where  (B  ( t ) )  are  independent  copies  of  the  d-dimensional  standard  Brownian 


motion  B(t)  and  (a^)  are  also  independent  copies  of  the  d-dimensional  random 


variable  a  independent  of  B(t)  and  for  any  e  >  0.  E[exp(ell(CT  )ll_  )]  <  ®.  For 


a  finite  lattice  V  €  7L  ,  consider 


VO  -  IVI-  It  ^y 


where  6^  denotes  the  Dirac  measure  at  S  in  f .  Then  we  will  study  the  limit 
behavior  of  Ty(t)  after  him  [4]. 


Now  put 


<Uy(  t)  ,4>:.  =  <Ty(  t )  ,<J>>  -  E[<Tv(t).$»],  <t>  e  c0(T), 


where  <♦,•>  is  the  canonical  bilinear  form  on  ) 'xCq(  !/').  Then  it  can  be 

proved  by  [17],  [21]  that  Uy(t)  becomes  a  strongly  continuous  ) '-valued 


stochastic  process.  We  will  prove  the  tightness  for  Uv(t),  V  €  7T  following 


_  00 

[5],  [18],  in  C([0.°°);  C which  is  the  space  of  continuous  mappings  from 


[0,®)  into  C  ('/■)'  equipped  with  the  strong  topology.  Let 


0(S)  =  ^(S^  ,S^  . ),  <p  €  S(1R  and  Lq  be  an  operator  such  that 

1  1 2  q 


(L  F)(S)  =  It  trace  ,  D2F(S)  +  DF(S)(b(S)),  F  €  9  , 

r{TL) 


where  b(S)  =  (b  (S)). 


By  the  conditions  (VI)  and  (V2),  the  equation  (5.1)  is  solved  in  'J'  ,  so 


that  S(t)  €  y  .  Then  we  have 
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E[<Tv(t).*>2]  <  C55'"*'''po,0.0 

00 

and  since  )  is  dense  in  Ty(t)  is  extended  to  a  continuous 

S£(2)  ,  )-process.  We  denote  the  extension  by  T.  v(t). 

y(za)  *,V 

A 

By  the  I  to  formula,  we  get 


(5.2) 

where 


<Tv(t),4»  -  <TV(0).*>  =  v(t)  +  TL  *iV(s)ds. 


=  lVl'1/2i,/o  ?  W'ViW . S„  ♦  i<s»dWS)' 

•  2  q  j 


i€V  j  rij  1 


Noticing  the  independence  of  B.(t),  i  €  V  and  the  fact  that  S(t)  €  if’  ,  we  have 


0 


for  t  €  [O.T] . 


(5.3) 


E[M4  v(t)4]  2  Cggiifll^  0  J 


Then  M.  v(t)  can  be  extended  to  a  continuous  $f(2 )  , 

bP'  (2  ) 

same  regularities  that  Wiener  iP(S  ,  )-process  has. 

5T  (Z°) 


)-process  and  has  the 
Conditions  (V1)-(V3) 


guarantee  that  Lq  belongs  to  the  class  dealt  in  Corollary.  We  use  the  same 
notation  U(t,s)  that  represents  an  evolution  operator  generated  by  Lq.  Thus 
the  solution  of  (5.2)  is  given  as  follows: 


<Tv(t).<f>>  -  T^t  ^v(°)  +  +  V^QUft.s^.V^415 

by  the  same  manner  as  in  the  proof  of  Proposition  1.  Hence  by  (5.3)  and  the 
Kolmogorov  test  for  real  Wiener  process,  we  get 

E[|<Uv(t)-Uv(s).4»|4]  £  C5?|t-s|2 

and  further 
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E[|<U  (t).4»|2]  *  C  (IIOII2  +  sup  IIU( t , s)4>ll2  } 

V  58  p0.0.1  Qisit  Pq .O.o 

which  proves  the  tightness  in  C([0,®°)  ;Cq(!/' )  *  )  ,  [5],  [18].  By  the  Skorohod 
theorem  and  the  usual  limiting  argument,  the  limit  process  N(t)  of  Uy(t) 
satisfies  the  Langevin  equation 


(5.4) 


<N(  t)-N(O)  ,<f>>  =  W#(t)  +  SlQ  N^sjds. 


where  N_(t),  F  €  2!  ,  ,  is  the  extension  of  N(t)  and  W„(t)  is  a  Wiener 

h  V'{t  ) 

Sf(2)  ,  )-process  [8]. 

y"(  2) 

The  uniqueness  for  solutions  of  the  equation  (5.4)  discussed  in  Corollary 
implies  the  identification  of  the  distribution  of  the  limit  process,  ([19], 
[20]).  which  implies  that  Uy(t)  converges  to  a  Gaussian  field  in 
C([0.®);C®(ir  )‘). 
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